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[1] The ice sheet—ice shelf transition zone plays an important role in controlling marine
ice sheet dynamics, as it determines the rate at which ice flows out of the grounded part of
the ice sheet. Together with accumulation, this outflow is the main control on the mass
balance of the grounded sheet. In this paper, we verify the results of a boundary layer
theory for ice flux in the transition zone against numerical solutions that are able to resolve
the transition zone. Very close agreement is obtained, and grid refinement in the
transition zone is identified as a critical component in obtaining reliable numerical
results. The boundary layer theory confirms that ice flux through the grounding line in a
two-dimensional sheet-shelf system increases sharply with ice thickness at the grounding
line. This result is then applied to the large-scale dynamics of a marine ice sheet. Our
principal results are that (1) marine ice sheets do not exhibit neutral equilibrium but have

well-defined, discrete equilibrium profiles; (2) steady grounding lines cannot be stable
on reverse bed slopes; and (3) marine ice sheets with overdeepened beds can undergo
hysteresis under variations in sea level, accumulation rate, basal slipperiness, and ice
viscosity. This hysteretic behavior can in principle explain the retreat of the West Antarctic
ice sheet following the Last Glacial Maximum and may play a role in the dynamics of

Heinrich events.
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1. Introduction

[2] Ice sheets grounded on bedrock below sea level can
play a pivotal role in the Earth’s climate system. They are
not merely large bodies of frozen fresh water whose release
would impact albedo, ocean circulation and sea levels, but
they also respond sensitively to changes in the surrounding
oceans. Warming in the Amundsen sea [Payne et al., 2004]
and the collapse of ice shelves in the Antarctic Peninsula
[Rignot et al., 2004] have led to marked changes in the flow
of grounded ice in West Antarctica, where much of the ice
sheet bed is below sea level, while the collapse of a much
larger ice sheet on the West Antarctic continental shelf
following the Last Glacial Maximum may have been
triggered by sea level rise due to the melting of ice sheets
in the Northern Hemisphere [Conway et al., 1999]. Marine
triggers have also been suggested for massive discharges of
ice from the Laurentide ice sheet during the last ice age, also
known as Heinrich events [Clarke et al., 1999; Fliickiger et
al., 2006].

[3] The purpose of this paper is to develop an improved
theory for marine ice sheet dynamics based on the physics
of the ice sheet—ice shelf transition zone. Our work builds
on a substantial literature which has identified coupling
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between ice sheet and ice shelves as an essential control on
the dynamics of marine ice sheets [e.g., Weertman, 1974;
Thomas and Bentley, 1978; van der Veen, 1985; MacAyeal,
1987; Herterich, 1987; Hindmarsh, 1993, 1996, 2006;
Chugunov and Wilchinsky, 1996; Dupont and Alley, 2005;
Vieli and Payne, 2005; Pattyn et al., 2006; Schoof, 2007].
[4] Mechanically, grounded ice sheet flow is dominated
by vertical shear, while ice shelf flow is a buoyancy-driven
flow dominated by longitudinal stretching and lateral shear-
ing. The two types of flow couple together across a complex
mechanical transition zone near the grounding line in which
longitudinal and shear stresses are important. The dynamic
role of this transition zone is that it controls the rate of
outflow of ice across the grounding line. Along with net
accumulation, outflow of ice is the main control on the mass
balance of the grounded part of a marine ice sheet. By
contrast, mass loss from floating ice shelves through calving
and basal melting does not affect the grounded sheet
directly. Instead, these processes alter the geometry of the
ice shelf, which affects the grounded sheet only through
mechanical coupling across the grounding line (Figure 1).
[5] In order to understand the dynamics of the grounded
part of a marine ice sheet (which controls its contribution to
sea level change), it is therefore essential to understand the
behavior of the sheet-shelf transition zone. The horizontal
extent of the transition zone is the distance over which
longitudinal stresses from the ice shelf propagate into the
ice sheet. This distance is frequently on the subgrid scale in
numerical ice sheet models and in some cases it may only
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Main components in the mass balance of a marine ice sheet. Increased calving and shelf

cavity melting affect only the mass of floating ice and are sea level neutral. Increased outflow through the
grounding ice and accumulation control grounded ice volume and hence the effect of the ice sheet on sea

levels.

be a few ice thicknesses in length [e.g., Chugunov and
Wilchinsky, 1996]. However, this in no way implies that the
transition zone can be ignored in an ice sheet model.

[6] On the basis of a boundary layer theory by Schoof
[2007], we show in this paper how the effect of the narrow
transition zone can be parameterized in a large-scale ice
sheet model that does not resolve the transition zone, and
demonstrate that this parameterization agrees with the
results of a numerical model that resolves the transition
zone through grid refinement. We then apply this theory to
the large-scale dynamics of marine ice sheets.

[7] Our main concern will be with marine ice sheet
instability. Briefly, the marine ice sheet instability hypoth-
esis [Weertman, 1974; Thomas and Bentley, 1978] asserts
that ice discharge through the grounding line should in-
crease with ice thickness there. Suppose then that a steady
marine ice sheet has its grounding line located on an upward
sloping bed. A slight retreat in grounding line position will
lead to an increase in ice thickness and hence ice discharge at
the grounding line. This represents a positive feedback: the
increase in ice discharge should lead to a further shrinkage in
the ice sheet and hence grounding line retreat, leading to a
further increase in ice discharge and so on (a similar feedback
underlies the rapid retreat of tidewater glaciers) [see Meier
and Post, 1987]. This feedback should continue until the ice
sheet either disintegrates completely or stabilizes in a region
with a downward sloping bed, where the reverse of the
instability mechanism applies: steady profiles on downward
slopes should be stable to small perturbations.

[8] According to the instability hypothesis, stable ground-
ing lines therefore cannot be located on upward sloping
portions of seafloor. This is especially relevant to West
Antarctica. The ice sheet bed near the center of West
Antarctica is deeper than at the grounding line, suggesting
the current ice sheet may not be stable. More precisely, it
suggests that the ice sheet is unlikely to be in a steady state.

[o] There is also evidence of a much larger ice sheet that
covered the seafloor in the Ross and Ronne-Filchner
embayments during the Last Glacial Maximum, and may
have extended to the shallow Antarctic continental shelf
edge [Conway et al., 1999; Wellner et al., 2001; Stone et al.,
2003], and its retreat may have been linked to marine ice
sheet instability. In addition, the instability mechanism
raises the possibility of triggering irreversible grounding
line retreat where there are overdeepenings close to ground-
ing lines. This has been considered as a possible explanation
for Heinrich events [e.g., Clarke et al., 1999; Hulbe et al.,
2004], and has implications for the current configuration of
Antarctica. Present-day overdeepenings there which may be

susceptible to grounding line retreat include the widely
studied Pine Island Glacier [e.g., Rignot et al., 2002;
Schmeltz et al., 2002; Payne et al., 2004].

[10] The original theory for marine ice sheet instability
[Weertman, 1974; Thomas and Bentley, 1978] has, however,
been controversial. The papers by Weertman and by Thom-
as and Bentley offer a somewhat simplistic description of
the transition between grounded sheet and floating shelf,
and it is unclear whether they provide the correct prescrip-
tion for the rate of mass loss from the grounded sheet.
Indeed, Hindmarsh [1993, 1996] has argued that the cou-
pling between sheet and shelf should have a negligible
impact on the dynamics of the grounded ice sheet, and goes
on to hypothesize that steady marine ice sheets should be
neutrally stable to changes in grounding line position. In
effect, Hindmarsh argues that the transition zone does not
uniquely determine the mass flux out of the grounded sheet,
in contradiction to what we have stated above, and that a
steady marine ice sheet should be neutrally stable to
displacements in grounding line position. The implication
of this argument is that there should be an infinite number of
steady marine ice sheet profiles.

[11] More recently, Hindmarsh [2006] has modified this
argument somewhat, demonstrating that certain combina-
tions of steady state ice thickness and ice flux at the
grounding line are not physically possible. As a result, he
proposes that some grounding line positions cannot corre-
spond to steady marine ice sheets, but that all grounding line
positions within a certain “permissible” spatial range can be
steady and neutrally stable to perturbations. Numerical work
by Vieli and Payne [2005] and Pattyn et al. [2006] has not
been able to resolve the stability issue unequivocally.
Although these authors were unable to find steady state
solutions on upward sloping beds, they did raise the possi-
bility of neutral equilibrium on downward sloping beds.

[12] The present paper is motivated by a boundary layer
theory for the sheet-shelf transition zone described by
Schoof [2007]. This theory demonstrates that it is mathe-
matically possible to calculate ice flux across the grounding
line by integrating a local ice flow problem close to the
grounding line. This result stands in contrast with the
assertions of Hindmarsh [1993, 1996, 2006] to the contrary,
and qualitatively confirms the conjectures of Weertman
[1974] and Thomas and Bentley [1978]. In particular, the
boundary layer theory predicts that a marine ice sheet can
only have a finite number of steady surface profiles, and
that these cannot be neutrally stable.

[13] The scope of the present paper is threefold. The first
two objectives are technical and aimed at model improve-
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Figure 2. Geometry of the problem.

ment, while the third takes a broader view of marine ice
sheet dynamics. First, we will use numerical solutions of a
marine ice sheet model to verify the boundary layer results
constructed by Schoof [2007]. Simultaneously, we exploit
the boundary layer theory to provide a reproducible bench-
mark for numerical solutions. This is a timely exercise in
view of the inconsistent results produced by recent, numer-
ical marine ice sheet studies, which indicate that numerical
artifacts may be a significant issue [Vieli and Payne, 2005].

[14] The third and main purpose of the paper is to study
marine ice sheet stability. We use our numerical results in
conjunction with boundary layer theory to study how
physical and climatic parameters such sea level, accumula-
tion rates, sliding rates and ice viscosity affect steady ice
sheet profiles, and to discuss the stability of these profiles to
small perturbations. It is worth underlining that the concept
of “stability” is only useful here when applied to steady
profiles, in which case it also has a well-defined mathemat-
ical meaning. In practical terms, any unsteady profile is
unlikely to be considered “stable.”

[15] Ice sheets are, in general, not necessarily in a steady
state. However, the general dynamics of ice sheets are
diffusive in the mathematical sense: in the simplest realistic
(“shallow ice”) models, ice thickness evolves according to
a diffusion equation. Diffusive systems tend to relax to a
steady state. By studying steady states and their stability
properties, a great deal can therefore be learnt about ice
sheet dynamics, notably about long-timescale behavior: is a
particular steady profile viable in the long term or not? Is
there a single profile the ice sheet will relax to, or are there
several, and what initial conditions are required to attain
each of these steady profiles? Does an ice sheet undergo
hysteresis under slowly varying external forcing?

[16] In the next section, we describe the simplest possible
model which is able to describe the behavior of the
transition zone as well as the interior of the ice sheet and
the flow of the attached ice shelf by taking account of both
dominant stress components.

2. Model
2.1. Coupled Sheet-Shelf Flow

[17] Our model is a depth-integrated model for the flow
of a rapidly sliding, two-dimensional symmetrical marine
ice sheet [e.g., Muszynski and Birchfield, 1987; MacAyeal,
1989]. It is the simplest model which allows both vertical
and longitudinal stress in the ice to be resolved, but has the
drawback of not including the contribution of shearing to
ice flux in the grounded sheet.
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[18] Let & be ice thickness and u ice velocity, while b is
the depth of the ice sheet bed below sea level and x is
horizontal position (see Figure 2). Then mass and momen-
tum conservation require, respectively,

Oh  O(hu)

or * ox ¢ (M)
9 \oq |2 " oul Clu|™'u — p 2= (2)
Ox Ox Ox PEN g T

Here, p; and g are ice density and acceleration due to
gravity, respectively, while 4 is the depth-averaged
temperature-dependent rheological coefficient 4 in Glen’s
law [Paterson, 1994, chapter 5], and » is the corresponding
exponent. (If z is depth in the ice sheet, then 4" =
M0 A dz)

[19] In equation (1), @ is ice accumulation rate. The first
term in the momentum balance equation (2) represents the
effect of longitudinal stresses in the ice. Even though we
expect these stresses to be insignificant in the interior of the
ice sheet, we retain them here because they must play an
important role in the flow of ice in the transition zone near
the grounding line. The second term in equation (2) repre-
sents the effect of vertical shear stresses. More precisely, the
second term represents friction at the bed (assumed to
depend on sliding velocity u as 7, = Clu|™'u) [see Weertman,
1957; Fowler, 1981], which balances vertical shear stress.
(Note that although vertical shear stress therefore features at
leading order in force balance, the contribution of vertical
shearing to ice velocity is assumed to be small compared with
sliding velocities.) The last term in equation (2) is simply the
driving stress: the term A(h — b)/Ox is the surface slope of the
ice sheet. Note that we have defined b to be positive if the bed
is below sea level; that is, depth of the bed is measured
downward.

[20] The center of the symmetrical ice sheet is located at
x = 0. Symmetry implies that

a(h — b)

o =u=20 at

x=0. (3)

[21] At the grounding line position, x = x,, we couple the
ice sheet model to an ice shelf model. The ice shelf satisfies
mass and momentum balance relations analogous to equa-
tions (1) and (2) [e.g., MacAyeal and Barcilon, 1988]:

oh  A(hu)

= = 4

o ox @)
9 2;1*’/'%@1/"71@ —p(1=p,/ )h@—o (5)
ax (c)x 8){ Pi Pil Pw)& ax - Y

where p,, is the density of water. Two points are worth
noting. First, there is no basal friction in ice shelves, so the
Clu|™ 'u term is missing. Second, the driving stress (1 — p;/
Pw)PighOh/Ox would be zero if ice and water had the same
density. This underlines that the flow of ice shelves is
buoyancy driven.
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[22] At the grounding line, we assume that ice flux, ice
thickness and longitudinal stress, and hence /4, u and Ju/Ox
are continuous. The ice also begins to float at the grounding
line, and so

pih = p,b at X =X, (6)

[23] At the calving front, there is an imbalance between
hydrostatic pressures in ice and water due to the buoyancy
of ice. This imbalance must be compensated by a longitu-
dinal stress [e.g., Shumskiy and Krass, 1976]:

Ou

247V
ox

1/n—1 ou 1
A A P* -
W 2p,g(l )h atx=x.. (7)

w

[24] To complete the model for the ice shelf, we also need
a calving condition for mass loss at the edge of the ice shelf.
Possible forms for calving rates are given by van der Veen
[1996], though these are poorly constrained. Fortuitously,
we can avoid this issue. Our objective is solely to understand
the dynamics of grounded ice, and this is unaffected by the
details of calving from the shelf in a two-dimensional ice
sheet. In fact, we will see in the next subsection that the ice
shelf model above is completely passive in the dynamics of
the grounded ice, and therefore the calving rate does not
affect grounded ice flow. Hence, possibly surprisingly, we do
not need to prescribe a calving rate here, provided we only
study the behavior of the grounded ice, upstream of the
grounding line.

2.2. Integration of Shelf Flow

[25] The calculation below may also be found in work by
MacAyeal and Barcilon [1988], but is worth repeating to
underline the point: A two-dimensional shelf has no effect
on the dynamics of the grounded ice upstream of it. We
emphasize, however, that this only holds for a two-dimen-
sional ice shelf, provided it is freely floating and has no ice
rumples (see also sections 4.2 and 4.3).

[26] This statement assumes that there is no contact
between shelf and seafloor (no ice rumples) that could
generate basal friction on the shelf, as implied by equation
(5). To prove it, we use the fact that h0h/Ox = 2~ d(h?)/Ox
to rewrite equation (5) as

" ou 1 i\ 2
o g—zpi(l —;)gh =0. (8)

w

9 A—1/n
P |:2A h

This shows that the term in square brackets must remain
constant in the shelf, and from equation (7), we deduce that it
must equal zero everywhere in the shelf. Hence equation (7)
must in fact hold everywhere in the shelf. Because / and du/
Ox are continuous at x = X, this implies that

ou

X

1/n—1 ou B 1

247 Vp ==
ox 2

Pi
pi(lf—>gh2 at x=x.. (9)

w

The longitudinal stress at the grounding line is simply a
function of ice thickness there, regardless of the shape of the
ice shelf.
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[27] As aresult, we can add the stress condition (9) to the
flotation condition (6) as boundary conditions at the
grounding line. This is all we need to describe the coupling
between sheet and shelf, and the actual dynamics of the
shelf are irrelevant to the grounded sheet. No further
boundary conditions are required, either to evolve ice
thickness or to determine grounding line migration. We
use the scheme described in detail in Appendix A to solve
the mass and momentum balance equations (1), (2) with
boundary conditions (3), (6) and (9). We will call this the
“full model” to distinguish it from the boundary layer
models described later, and point out that our numerical
scheme for solving it is specially adapted to resolve the
sheet-shelf transition zone.

3. Results

[28] Our aim is to analyze equations (1), (2), (3), (6) and
(9) (the full model) as the simplest possible physics-based
marine ice sheet model that can resolve the sheet-shelf
transition. We have not attempted to include effects such
as lateral shearing or buttressing in our two-dimensional
model. Our motivation is to set out clearly how a two-
dimensional ice sheet behaves, and to generate a reproduc-
ible benchmark against which other models, which may
include these additional and undoubtedly significant effects,
can be tested. In the same spirit, we assume constant values
for the material parameters C and 4.

[20] Constant C is important because we do not prescribe
a length scale for the sheet-shelf transition zone through
variations in C, as is done by, e.g., van der Veen [1985] and
Pattyn et al. [2006]. In our paper, the size of the transition
zone is determined by the model parameters C and 4 and
the geometry of the ice sheet bed, see Schoof [2007] and
equation (A9) in Appendix A below. (By contrast, van der
Veen [1985] arbitrarily and somewhat unphysically imposes
a distance from the grounding line beyond which longitu-
dinal stress 24~ ""h|0u/0 x|""~'Ou/Ox must vanish. Pattyn
et al. [2006] indirectly introduce a length scale by imposing
strong spatial variations in the basal friction parameter near
the grounding line, of the form C o< exp(By(x, — X)), so that
By ! is a natural transition zone length scale.)

[30] To give a flavor of our results, we compute the
relaxation to steady state of a marine ice sheet described
by the “full model” (see end of section 2.1). In keeping
with our results from section 2.1 we only display the
grounded part of the ice sheet. The synthetic bed shape
used has a central portion above sea level, an overdeepen-
ing, and a shallow sill close to the continental shelf edge:

b(x) = — [729—2184‘8 x (750ka>2+ 1031.72 (750%)4

—151.72 x (ﬁﬂ m,

as shown in Figure 3 (these qualitative features are the sole
reason for our choice of b(x)). The physical parameters used
are given in Table 1. To illustrate the effect of changes in
physical parameters, we vary the viscosity coefficient 4 in
steps, changing its value once the ice sheet has relaxed to a
steady state. The values used for A4 are given in Table 2.

(10)
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